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Abstract

The article deals with a new 2DOF PI and PID controllers tuning method for integrating plants. The
described approach is derived from the multiple dominant pole method and it enables the achievement
of aperiodic servo and regulatory step responses without the overshoots.
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1 INTRODUCTION

The use of PI and PID controllers for integrating plants is not often discussed in the control
system literature. At the same time their tuning does not belong among simple problems
[Astrom & Higglund 2006; O'Dwyer 2006; Hudzovi¢ & Kozakova 2001; Rosinova &
Markech 2008]. It is given by the degree of the astatism g > 2, which induces a predisposition
to oscillations and big overshoots [Astrom & Higglund 2006; Viteckova & Vitecek 2007,
2008, 2009].
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Fig. 1. Control system

The transfer functions for the control system in the Fig. 1 for errors caused by the desired and
disturbance variables for ¢ > 2 have the forms
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where M(s) and Mp(s) are the polynomials or quasipolynomials, from which is not possible to
point out the complex variable s; N(s) — the characteristic polynomial or quasipolynomial of
the control system; E(s), W(s), V(s) and Y(s) — the transforms of the error, the desired variable,
the disturbance variable and the output variable; G¢(s) — the controller transfer function; Gp(s)
— the plant transfer function.

For the step changes of the desired and disturbance variables

W(s)=—2, V(s)=—2 3)
) )

where wy and v are the step magnitudes, the transform of the control errors are given by the
relations

M (s)wy

Ew = Gwe w = 4
(s) (W (s) NGs) 4)
and
Mp(s)v
E.(s)=G,(s)V(s)=———— 5
(s) )V (s) NGs) &)
On the basis of the final value theorem there can be obtained
. . S"™M(s)wy
,(00) = lim[ sE,, =lim————>—=0 6
eu (o) = limfsE, (s)] =lim =" = (6)
. . SMp(s)vo
v = 1 Ev = —1 _— = 0 7
e,(0) = lim[sE, (s)] = ~lim NGs) (7)

That’s just it the demand the zero steady state error caused by the disturbance step in the plant
input it is necessary to use controllers with the integrating term, i.e. PI and PID controllers.
The I controller by reason of the structural instability is generally unusable.

For the steps changes (3) the control areas are given by the relations

m sTM(s)wy

{ew(f)df = &%EW(S) = ELO NGs) =0 3)
and

feu(r)dt = lim E,(s) = —lim 27 . g )

0 s—0 s—0 N(S)

The interpretation of the obtained relations is very important. From the first relation (8)
follows that the control area is equal to zero, i.e. for the servo step response the course of the
controlled variable cannot be without the overshoot, see Fig. 2 [Viteckova & Vitecek 2007,
2008].

It means that it is impossible to obtain for the PI and PID controllers the aperiodic servo step
response without the overshoot. If the overshoot is inadmissible, then it is necessary to use a
limitation of the desired variable velocity or the input filtration of the desired variable. In this
case it is very favourable to use the controllers with two degrees of freedom, where by the
suitable choice of the weights of the desired variable in the proportional and derivative terms,
it is possible to obtain corresponding input filtration [Astrom & Higglund 2006; Vite¢kova &
Vitecek 2007, 2008].
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The interpretation of the second relation (9) is thereby the corresponding tuning of the PI and
PID controllers is always possible to obtain the aperiodic regulatory response without the
overshoot.

From the above mentioned it follows that the servo and regulatory step responses cannot be
simultaneously aperiodic without overshoots for the integrating plants and the standard PI and
PID controllers.

Fig. 2. Geometrical interpretation of relation (8)

It is obvious that the same conclusion holds for the integrating plants of arbitrary orders with
a time delay too and the corresponding digital controllers as well [Krokavec & Filasova
2006].

Below the first order plants with integration will be considered, i.e. the degree of astatism g =
2 is supposed.

2 MULTIPLE DOMINANT POLE METHOD
In the paper the first order plant with integration without time delay is supposed

ki

Gp(s)=—— 10
P(s) STt D) (10)
and the standard PID controller

r_1 1
Ge(s)=n+—+ns=n| 1+ —+1ps (11)

S Tis
L=", 1,=" (12)

r_1 )

where k; is the plant gain, 7 — the time constant, 7y — the proportional term weight (the
controller gain), ., — the integral term weight, »; — the derivative term weight, 7; — the
integral time, 7 — the derivative time.

It is obvious that for ; =0 or 7p = 0 from (11) the transfer function of the PI controller

Gc(s)=ro+ﬂ=ro(1+i] (13)
S

T:s

is obtained.



M. Vite¢kova and A. Vitecek / Journal of Cybernetics and Informatics 8 (2009) 58-65 61

The multiple dominant pole method supposes the existence of a stable real dominant pole
with the multiplicity increased by 1 over the number of the adjustable parameters of the
chosen controller [Gorecki 1971; Viteckova & Vitecek 2007, 2008, 2009].

The multiple dominant pole and the adjustable parameter values can be obtained by solving
the equation system
d'N(s) B
dSi
where N(s) is the characteristic polynomial of the control system with the plant (10) and
chosen controller. For the plant (10) and the PID controller (11) is obtained

0 (14)

N(s)=Tis> + 1+ kn)s” + karps + ki

w:?}]{sz +2(1+ kin)s + ki (15)

2
ENG) _ 6+ 201+ k)

5 =

By solving that equation system (15) it may be obtained

P 1+ kﬂ/i
N(s)=0 3 37,
NG _ ol oy, - Qthn)’ (16)
ds 3T,
ENG) ol 20 kari)?
ds? 27k T}

Since only the three equations are available, the triple dominant pole s3, the weights 7 and
are dependent on the weight r;. Therefore the ratio
Tp nr

TIZCXZ?ZO (17)

is considered, from which it is obtained

2
n=all (18)

)
and after substitution the last two relations from (16) in (18) it is obtained

3% g<q<l (19)
(1-3a)k 3

i

Now the triple dominant pole and weights can be expressed on the dependency of the ratio
(17)

; ! OSa<1

T 3n(1-3a) 3 20

Mo (21)
" 3T(1-3a)
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V=
LTI (1-3a)’
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. 3a

n o= m (23)
or after consideration of the relations (12)

T =9T(1-3a) (24)

Tr =9aT,(1-3a) (25)

It is obvious, that for @ = 0 it is obtained tuning formulas for the PI controller (13).

The control system transfer function for the plant (10), the PID controller (11) and the
computed controller adjustable parameters have the form

Y(s) _ Ge()Gp(s) _
W(s) 1+Ga()Gp(s)

BTI(I—30()(1+\/1 4ok +1H3T1(1 S3a)il-V1—4a)s +1J (20)

[37,(1-3a)s +17°

GH/y (S) =

and the control system transfer function for the disturbance has the form

Ys)_ Gpls)  _ 2TkT(1-3a)’s
G, (s)=7 3= -
"TV(s) 146G ()G () BTL(-3a)s +1T

27)

The both relations (26) and (27), likely as relations (21) — (25), for a = 0 hold for PI controller
(n=0,T,=0)

From the relation (26) it follows that the nominator of the control system transfer function for
a = 0.25 (the value used by Ziegler and Nichols) has a stable double real zero and the
corresponding PID controller adjustable parameters are given by the formulas

. 16 9 « 9

r, = ) T :_T’ T :_T 28

0 3k17—i 1 4 1 D 16 1 ( )
The servo and regulatory step responses for a = 0, 0.05, 0.1, 0.15, 0.2, 0.25 and k; = 1 are
shown in Fig. 3.

P o =0,005 01,015,072, 025
1
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Fig. 3. Servo and regulatory step responses

From Fig. 3 it follows that the servo step responses for 0 <« <0.25 show a practically
constant overshoots about 25 %. For the value a = 0 the PI controller is obtained and the
tuning is rather conservative. For positive values 0 < <0.25 PID controller is obtained. For
the value a = 0.25 the high-quality regulatory response is obtained. By the corresponding
choice of value a, the controller tuning can conform to the limitation of the manipulated
variable.

3 CONTROLLERS WITH TWO DEGREE OF FREEDOM

If the overshoot for the servo response is inadmissibly big, then it is possible to use the PID
controller with two degree of freedom (2DOF), which is described by relation [Astrom &
Hégglund 2006; Viteckova, Vitecek 2007, 2008]

1

U(s)=r, {b W(s)-Y(s)+ TLE(S) +Ts[cW(s)— Y(s)]} (29)
s

where b is the set-point weight of the proportional term, ¢ — the set-point weight of the
derivative term.

For b = ¢ = 1 the standard PID controller (11) is obtained and for » =1 a Tp = 0 the standard
PI controller (13) is obtained.

The control system with the 2DOF controller (29) can be transformed in the system in Fig. 4
with the input filter with the transfer function

V(s)

Gp(s) >

Fig. 4. Control system with 2DOF controller

W's) el Tps> +bT,s +1
W(s) TiTps>+Ts+1

Gr(s)=

(30)

and the PID standard controller with the transfer function (11).

For Tp = 0 from relation (29) the 2DOF PI controller can be obtained, which corresponds to
the input filter in Fig. 4 with the transfer function
W'(s) bTis+1
W) Tis+1

Gr(s) = (1)

and the standard PI controller with the transfer function (13).

For the 2DOF PID controller two poles of (26) can be compensated with two input filter zeros
(30) by suitable choice of the set-point weights b and c¢. These weights can be obtained via
comparison of the coefficients for the same power of the complex variable s, i.e.
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2
1 * * ¥
[WS-FIJ =[31,(1-3a)s +1f =T, T)s* +bT, s +1 (32)
S3
After substitution (24) and (25) in the relation (32) the set-point weights
2 1
b=—, c¢=— 33
3 9a 33)
can be obtained.
Because 0 <c¢ <1, the practical values of a for the 2DOF PID controller are
1 1
—<a<-— 34
9 4 (34)
Similarly for the 2DOF PI controller the set-point weight can be obtained from the relation
i*s+1:3zs+1:bT,*s+1 (35)
3

It is obvious that is
b=— 36
3 (36)

The servo and regulatory step responses for a = 0.11, 0.15, 0.2, 0.25 and k; = 1 for 2DOF PID
and 2DOF PI (¢ =0 and b=0.33) controllers are shown in Fig. 5. The response for the
2DOF PI controller is very conservative.

o =0.11,0.15,0.2,0.25
4
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Fig. 5. Servo and regulatory responses for controllers with two degree of freedom

4 CONCLUSIONS

In this article the new controller tuning method for the first order plants with integration is
derived, which comes from the multiple dominant pole method. The described method
enables PI and PID controller tuning and by suitable choice of the derivative time to the
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integral time ratio to conform to disturbance rejection and to the limitation of the manipulated
variables. For the 2DOF PI and PID controllers the set-point weights are derived.
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